Experiments to ascertain the wave forms and laws of propagation and dissipation of ballistic shock waves to large distances (80 yards) from the bullet trajectory are described. Calibers 0.30, 0.50, 20 mm, and 40 mm were studied. In every case an N-shaped wave profile was observed consisting of a sudden rise in pressure, the "head discontinuity," followed by an approximately linear decline to a pressure about equally far below atmospheric and then a second sudden return, the "tail discontinuity," to atmospheric pressure. The peak amplitudes of this disturbance are found to diminish about as the inverse • power of the miss-distance (perpendicular distance from the trajectory) while the period T' (measured between the discontinuous fronts) increases about as the ¬ power of the miss-distance for calibers 0.30, 0.50, and 20 mm. For 40-mm shells the amplitude decays a little faster, about as the inverse 0.9 power of miss-distance over the range studied. A theory taking account of the dissipation of the N-wave energy into heat is developed to explain the observed behavior. A method of measuring absolute N-wave amplitudes by observing the rate of change of period T' with propagation is described. The theory leads to an absolute relationship at large distances between distance, amplitude, and period in which no arbitrary constants appear. Redistribution subject to ASA license or copyright; see http://acousticalsociety.org/content/terms. Download to IP: 131.215.225.9 On:
the calibers studied. This consists of a very sudden rise in pressure followed by a nearly linear pressure decline to a value about as far below atmospheric as the original rise and then a very sudden return to atmospheric pressure. Figure 1 shows the profile we are describing which because of its shape we shall frequently refer to as an "N-wave." • The two sudden rises in pressure (which we shall frequently refer to as "discontinuities") are separated by a time interval T • which gradually increases as the Nwave is propagated. This time interval we shall refer to as the shock wave "period." We have found empirically that T • is approximately proportional to the fourth root of the miss-distance. expression of which we develop in a later section (Section D I, Eq. (10)). This fact makes it possible to measure the peak pressure amplitudes of N-waves by the rate of change of T t with miss-distance and this method though too cumbersome for most practical applied measurements possesses the advantage for an absolute determination of amplitude that it is not subject to the uncertainties of direct pressure measurements made with microphones (because of the reflected wave, and the diffraction of sound around the microphone case, etc.), since it involves essentially only the measurement of time intervals. The chief difficulty in its application arises for the smaller calibers where relatively large superposed accidental disturbances on the oscillograms may make it difficult to identify the H and T discontinuities with certainty. It will appear later that the method is also restricted to a region of miss-distances which for best reliability must be neither too close nor too distant from the trajectory. The exponent n appeared to have about the value • for the three smaller calibers studied but for 40-mm bullets n was more nearly equal to unity (about 0.94-0.1). From the theory developed in this paper it appears that n should be weakly dependent on the amplitude of the shock wave itself (and should therefore vary slowly with miss-distance) but should in no case be numerically less than -}. The statistical fluctuations in the amplitude measurements with microphones made it difficult by such means to determine n very precisely and impossible to detect changes in n with miss-distance for any given gradually spreading apart the volume enclosing the wave energy in question would increase in direct proportion to the miss-distance d. If this wave energy remained constant without dissipation, one would therefore expect the intensity of the ballistic shock wave to vary inversely as the miss-distance and the amplitude to vary inversely as the square root of miss-distance. It can be shown by calculation that the observed faster rate of decay of N-wave amplitude with miss-distance (the -• power instead of -« power) cannot be accounted for by the spreading apart of the//and T discontinuities alone (i.e., because of the resulting faster increase in the volume occupied by the wave energy). Such a calculation makes it clear that to account for the -• power law of amplitude decay it is very definitely necessary to take into account also the dissipation of the N-wave energy (its degradation into heat) as the wave propagates. It is the purpose of this paper to develop a theory taking all these factors into account and to show that such a theory is consistent with the measurements from field observations. Certain new and interesting absolute relations be- tween N-wave amplitudes, periods, and missdistances come out of the theory and seem also to be consistent with our empirical observations. We shall attack the theory of ballistic N-wave propagation as follows:
T • increases with increasing caliber.
1. \Ve first develop very briefly the physical ideas governing the propagation of the so-called "discontinuous" fronts (H and T of the N-xvave profile) and the theoretical formulas for the temperature rise, particle velocity, excess propagation velocity, etc., of these fronts expressed as functions of the pressure jump in them. Only the case of plane fronts xvill be treated since the thickness of the fronts is very small in comparison to their radii of curvature at the missdistances of interest to us.
2. We next develop by a thermodynamic argument the rate of dissipation of the wave energy in a plane ballistic N-xvave (its degradation into heat). This heat is made manifest as a slight temperature elevation of the air at the rear of the N-wave.
3. We then show by an application of Earnshaw's solution for the propagation of finite waves that if the wave form is truly N-shaped, with strictly linear intermediate sloping pressure profile, the natural change in slope of this linear portion together •vith the differential propagation velocities of the two fronts just accounts for the decay in amplitude derived thermodynamically so that if the xvave has once assumed the N-form it will thereafter continue to retain it.
The argument here is based essentially on plane waves for simplicity.
4. Finally xve apply these results to the propagation of N-waves both for the conical ballistic waves from bullet trajectories and also for spherically radiating N-waves such as might occur as the result of explosions. In both of these cases it is assumed that the radii of curwmlre of the wave surfaces are sufficiently large relative to the wave-length so that the formulas for rate of energy dissipation developed for plane Nwaves hold, •vith sufficient accuracy, for conical and spherical xvaves. At close miss-distances (the worst case), the wave-length of the N-xvave from a 40-mm bullet (measured between H and T discontinuities) is about one foot long or about one-tenth the radius of curvature of the wave surfaces.
Instead of solving the equations of wave propagation in three dimensions, we adopt the easier approximate method of computing the dependence of amplitude on miss-distance by utilizing the principle of conservation of the wave energy (taking into account however the TXBLF• I. Absolute ballistic shock wave magnitudes for air. with which we are concerned, the amplitude has been taken as proportional to the square root of the energy density.
II. Physical Ideas Behind the Theory of Shock Wave Discontinuities
It is well known that the usual differential wave equation for the propagation of sound waves in air is only an approximation for the case in which the pressure differences in the wave are sufficiently small with respect to existing atmospheric pressure. Here we shall discuss the propagation of waves of finite amplitude in which the first-order correction is retained. The square (and higher powers) of the ratio of wave amplitude to atmospheric pressure is neglected. Specifically, our results shall be applicable to shock waves produced by projectiles at such distances from the source that the pressure elevation in the wave is of the order of 1 percent of an atmosphere or less. Riemann discovered that the integration of the exact equations led to the possibility, under certain conditions, of the propagation of "a surface of discontinuity" across which such variables as pressure, density, temperature, and particle velocity jump by a finite amount (constituting what is termed mathematically a "first order" discontinuity).
•' Qualitatively we can understand •' B. Riemann, "fOber die Fortpflanzung ebener Luftwellen yon endlicher Schwingungsweite," G6ttinger Nachrichten (1860), p. 8; also B. Riemann and H. Weber,_Partielle Differential-gleichung, fifth edition, Vol. II., p. 507. In the physical wave the term "discontinuity" is, of course, too strong. As we shall see this "discontinuity" takes the form of an extremely abrupt rise confined to an extremely thin but finite region, whose thickness turns out to be determined by the amplitude of the pressure jump on the one hand and the viscosity and thermal conductivity of the medium on the other hand. the method of production of this discontinuity front by considering a plane one-dimensional acoustic wave which initially has the shape (for example) of a single sinusoidal oscillation. Figure 6 illustrates such a wave at A. We suppose that the curve represents the pressure profile of the wave, the direction of propagation being that shown by the arrow. To clarify the discussion we suppose that this initial wave form has a small nick (at P) whose history we can follow. The pressure ,on the x axis is the undisturbed atmospheric pressure.
As the wave propagates to the right the higher amplitude regions propagate more rapidly (relative to the undisturbed medium) than the lower amplitude regions. Regions of the wave form near the x axis propagate nearly at ordinary sonic velocity. Regions of the wave form below the x axis propagate (relative to the undisturbed medium) at less than ordinary sonic velocity. Thus after a lapse of time the wave form will appear as at B. The regions 0-1 and 2-3 in which the pressure is rising with time become steeper. The region 1-2 in which the pressure is falling with time becomes less steep. a
The reason for these differential velocities of propagation is simple. The chief contributing cause is the longitudinal particle velocity or streaming velocity of the air which is always associated with acoustic waves. This streaming velocity is approximately proportional at each point of the wave form to the pressure amplitude at that point. Relative to the undisturbed medium it is directed forward in the positive regions of the wave form and rearward in the negative regions. Thus the small nick in the wave form at /' must be regarded as a wavelet which is being propagated to the right in air which itself is moving to the right with a streaming velocity (particle velocity) appropriate to the pressure amplitude at P. There is also a higher order effect of less importance coming from the fact that the propagation of the nick occurs in air at higher temperature than the undisturbed medium so that the local propagation velocity there is slightly higher. The mechanisms just described operate in a similar way in the negative regions of the wave form (below undisturbed atmospheric pressure) where the rearward particle velocity and the lowered temperature operate to cause the wave form to lag behind the regions on the x axis. Now as this mechanism of differential propagation progresses, the rising portions of the waveform must eventually tend to become vertical. An analogous process is familiar in gravity waves on water where the rising regions of the wave profile not only become vertical but pass beyond the vertical so that "breakers" are formed. In the case of the acoustic wave we are discussing, this cannot happen because the wave form is a graph of the pressure and it must therefore be a single valued function of space and time. The acoustic wave profile cannot even become strictly vertical. Some new mechanism must therefore assume importance in the propagation process to place a limitation on the steepness of the nearly discontinuous fronts which the operation of differential propagation speeds has created. At C in Fig. 6 we show the appearance of the wave form after a sufficient amount of propagation has resulted in complete formation of the "discontinuities" H and T. In view at C it must be understood that if either discontinuity were examined to a highly magnified scale of abscissae it would be found to have a continuous structure (save for the molecular structure of the gas) as shown in the magnified view D. We shall define the "thickness" of the discontinuity by the geometrical construction shown at E as the projection on the x axis of the steepest tangent to the profile.
The new mechanism which becomes the important factor in placing a lower limit on the thickness of the fully formed discontinuity turns out to be the actions of (1) thermal conductivity and (2) viscosity in transferring heat and momentum across the regions of rapid change in temperature and pressure. These two factors tend to blur the sharpness of the front by setting up a flow of heat and momentum from the higher to the lower portions of the wave form. In this way a balance is set up between the steepening action of differential propagation velocity on the one hand and the blurring action of the above two dissipative agencies so that from then on, as long as the amplitude of the discontinuity remains constant, its thickness X remains the same. equilibrium state (through the balance of steepening and blurring tendencies above described) it is propagated from then on at a characteristic velocity definitely related to its amplitude. The fact that once this balance is attained the profile of the discontinuity is thenceforth stable in time makes derivation of the formulas relative to such discontinuities very simple. This is done by assuming coordinates in which the profile is stationary and writing the equations of continuity of mass, energy, and momentum relative to a sample of gas as it moves through the discontinuity. As a sample or.the gas rises up the pressure hill in its passage through the discontinuity the transfer of heat through thermal conduction results in an important change of entropy. In Fig. 6 , at E the gas entering at K receives heat by conduction from the closely adjacent hotter gas at L. The heated sample then undergoes compression and as soon as it has reached the region L it gives up heat at its more elevated temperature to the new gas entering at K. This process results in a higher final temperature for the same pressure jump than would be the case without heat transfer. It has been called a "dynamic adiabatic" process ø to distinguish it from the more familiar static adiabatic process in which pressure and temperature ratios are related by the classical law pT •/(•-•) = a constant.
D. MATHEMATICAL THEORY I. Discontinuous Changes in Properties
Across a Shock Wave Front 7
We shall now consider a simple pressure pulse (consisting of a change from initial pressure P0 to a pressure Pl) whose amplitude (P•-Po) is It is important to realize clearly that no additional assumption has been made, nor can be made, regarding the thermodynamic "path" of the gas as it undergoes the compression (such for example, as the assumption that the gas, besides obeying Eqs. (4) and (5), is compressed according to the familiar law pv•=a constant, the so-called adiabatic compression taking place by a slow quasi-static process). Any such assumption would be redundant since the five fundamental conditions above are necessary and sufficient in themselves to determine the final state of the gas and they do in fact determine a final state which for intense shock waves is not that which the gas would have reached by the path pv* = a constant. (For the ballistic shock waves with which we are now concerned however, where (Pi-Po)/ P0 never much exceeds 0.01 atmosphere, the deviation from the static adiabatic law, pv•-constant, is extremely small indeed and for some purposes completely negligible.)
We solve Eqs . (1) 
•'-1
The particle velocity W behind the moving front ( = u• -u0) is given by --.
Since we are only to be concerned with relatively weak shock waves in which the variable ß '=P•/Po differs from unity by never much more than 1 percent, the above formulas can be greatly simplified by substituting for •r the value 1-3-8, expanding the expressions in powers of 8, and rejecting terms of the second and higher orders. Clearly •= (P•-Po)/Po. We thus finally obtain the following very simple and useful expressions for weak shock waves relating other shock wave discontinuity magnitudes to the relative pressure rise in a shock wave discontinuity. They are conveniently expressed in terms of relative changes. The relative tempera- Assumption III: That the wave form of the discontinuity can be treated for the purpose of computing the dissipation as constant in time.
Assumption IV' The entropy of a sample of the gas in passing from the state 1 to the state 2 and thence to the state 3 does not change. (It is known that the entropy increases in going from state 0 to state 1 and also in going from state 3 to state 4.) According to the received theory for the propagation of such quasi-stable discontinuities as 0, 1 or 3, 4, a sample of the gas passing through such a discontinuity undergoes change of state subject to the laws of conservation of mass, momentum, and energy and since the wave form is not changing sensibly with time there result, as shown in the previous section, certain simple formulas for the condensation ratio (p•-p0)/p0, the temperature ratio Tz/To, the particle velocity, etc., all such variables being expressible in terms of one parameter which we shall take as the pressure ratio P•/Po (or P•/P3).
The wave energy dissipated with propagation of the wave form must of necessity manifest itself in the immediate wake of the wave at 4. It can appear there in only three forms, thermal, kinetic, or potential, i.e., the gas at 4 may be hotter than at 0, it may be possessed of a body velocity (relative to the gas at 0), or the pressure at 4 may exceed the pressure at 0. The last of these three possibilities is ruled out by our Assumption I, and we shall later show that, to a first approximation, there is no body velocity at 4 ascribable to energy lost by the N-wave. We shall now compute the thermal part of the dissipated energy.
Let the pressure ratio Pi/Pj for any two points i and j on the wave form be expressed as Now according to the received theory (Section I) for the propagation of acoustic discontinuities Furthermore the above expression represents the full amount of energy dissipation for we shall now show that there is no particle velocity behind the N-wave relative to the undisturbed medium in front, and therefore there is no transfer of energy from the N-wave into kinetic energy of the gas behind the wave.
From the constitution of the gas there is nothing to prevent assigning arbitrary values to both the density p and particle velocity u, but for a progressive wave a relation between these two must exist. Earnshaw has shown ø that this relation for the case of a wave of finite amplitude is Therefore, we may, in a manner similar to that used above for the temperature, determine the net change in particle velocity brought about by the passage of the N-wave. Using a notation similar to that used in the first part of this section, we have (from Eq. (11) or (11.1), Section I) for the change in particle velocity across the discontinuities We shall now present an alternate method for computing the rate of amplitude attenuation of an N-shaped plane wave. As in the previous section we shall use Eqs. (8.1), (9.1), (10.1), (11.1) derived from the theory developed by Becker 7 for the discontinuities of the N-wave, and the usual adiabatic laws for finite waves for the intermediate portion of the wave. We shall make the same basic assumptions here as were made in Section II, but it should be noted that Assumption III applies only to the wave form of the discontinuities. These latter, as already explained, preserve their wave forms and propagate at their own peculiar velocities as 'given in Section I, Formula (10) or (10.1). We must, however, allow the linear portion of the wave (1, 2, 3 in Fig. 8) In order to determine the behavior of the Nwave, we must therefore consider the hydrodynamics of the adiabatic or linear portion (1, 2, 3, Fig. 8 ) of the N-wave as well as that of the discontinuities: the latter has already been accomplished in Section l; the former will now be developed. Consider a section of gas of thickness •/which is constructed in such a way as to include a constant mass of gas. Let the pressure, density, and particle velocity of the gas at one surface be p, p, and u; and let the same variables at the other surface be p-+- For the third law we shall use the adiabatic gas law which essentially specifies the relation which must exist between the pressure and density of a perfect gas in order that no energy is lost or gained by the gas. In the linear portion the gas expands slowly and with negligible heat transfer between adjacent portions so that 
Ox Ox Ot Ot wlfich we may write as dp lOP pOU udpOp u 2-----1 = --. (4.1) dp •xx Ot dp at By the use of (3) Earnshaw's relationship given above takes the form u-u0 = (S) in which c=[-(dp/dp Now we wish to consider the N-wave in coordinates with respect to which the wave form is approximately stationary. At some central point the N-wave has a velocity relative to still air equal to c and the particle velocity at this point is zero, for it seems safe to assume that the propagation velocity of a point on the wave will be [(dp/do)o• « if the particle velocity vanishes at that point. To produce a stationary wave we must therefore impose a velocity -c on the entire wave and we have the condition u = -c, when p = P0. 
2
The meaning of this is to be interpreted as follows' u,is the propagation velocity (relative to our coordinate system in which the entire wave form is nearly stationary) of any point in the pressure profile of the wave. If we plot this pressure profile for a given instant of time t, points on the profile where the pressure amplitude is zero ($=0) will have zero velocity, points of positive amplitude will progress to the right, the faster the higher their amplitude, while points of negative amplitude will retrogress toward the left so that at a later instant t2 the entire profile, if initially linear, will have undergone an expansion at the rate (3,+ 1)•c/3, by which we mean that any two points in the profile, of amplitudes, respectively, In order to attempt to evaluate the integration constants c• and c2, the theoretical curves It thus appears that the variation between the different observations is so great that no reliable empirical determination of the integration constant c• is safe from our present data. ! t is gratifying to note however that our theory predicts that the slope of the logarithmic plot of/• rs. y should never be numerically less than -} and our field data, to within their limited accuracy, agree completely with this. One is also tempted to account for the greater observed slope in the case of 40 mm by concluding that c• is larger for this caliber than it is for .50 caliber and that our observations apply therefore to a segment of the curve of Fig. 11a 
•,c cos 0
This indicates that the wave-length of a ballistic shock wave, once it is completely formed, is uniquely determined at any given sufficiently large distance by specifying the amplitude of its discontinuities. The eventual wave-length is therefore apparently independent of the mechanism of generation by the bullet, being fixed by the amplitude of the wave itself rather than (for example) by the length of the bullet. Our meas- The reader may well ask why a disturbance of one sign only, such as the head wave or tail wave from a bullet, should be expected to generate spontaneously an accompanying wave of opposite sign merely by the mechanism of propagation over considerable distance. It is hardly appropriate to go deeply into this question here, but it has been pointed out by numerous authorities on theoretical acoustics •ø that for the case of spherical waves where the entire disturbance is contained in an expanding spherical shell of constant thickness, the wave form eventually tends to become balanced as regards rarefaction and condensation even though initially the entire disturbance was of one sign only. Conservation of energy requires in such a case that the wave amplitude shall diminish inversely as the 
V. Dependence of Amplitude and Wave-Length of Spherical Shock Waves on Miss-Distance
In the previous section we considered the propagation of a wave from a line source, hence one that spreads out over a conical surface. We shall now adapt the results to the case of a shockwave from a point source, which spreads out in three dimensions over a spherical surface. Equations (2) and (3) of Section IV remain unchanged, the same approximations and assumptions being made here as previously. The average energy density is unchanged, but the total energy (Eq.
(1)) is altered since now the wave energy is distributed over the surface of a sphere. By a completely similar method to that used above, we obtain r 1
In ..... , 
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The constants a• and C correspond to the constants c• and c2. Eqs. (7) and (8) here are exact, not merely approximations which hold only for large distances. However, the assumptions on which they are based are such that the theory is inadequate at small distances so that the applicability of the equations is still limited to distances which are large in comparison to the wave-length. It must be strongly emphasized that Eq. (1) gives the pressure rise (in atmospheres) in the shock wave discontinuities only if the two (H and T) discontinuities are of equal magnitude. If they are of unequal magnitude the reader can readily check that formula (1) will give half the sum of the two magnitudes, that is to say half the total change in pressure from H to T indicated in the sketch below, Fig. 13 . Thus this method of estimating peak shock wave amplitudes will give values which are numerically equal to or less than the magnitude of the greater of the two discontinuity pressure jumps.
If we assume a linear decline in pressure from H to T, that is to say a true N-wave profile, then this method will also give the total energy in the shock wave (integrated from H to T) provided the H and 7' discontinuities are of equal magnitude; but since the energy is proportional to the square of the excess pressure, (p•-po) • if the H and T discontinuities are of unequal magnitude it is clear that an application of this method will give a value less than the total energy (see Section III).
A further limitation of this method comes from the fact that it is based on the formula for the excess velocity of propagation of the completely formed discontinuities in the wave form. In the earlier stages of propagation near the trajectory it is conceivable that the "mechanism of overtaking" has not had time to bring about the complete formation of the discontinuity. Thus, for example, the wave form may contain peaks which have not as yet overtaken and coalesced with the discontinuity toward which they are destined, as at A or B in the sketch, In Fig. 15 we have plotted on log-log coordinates the shock wave peak pressure elevation and in Fig. 16 on semi-log coordinates the shock wave energy from unit length of trajectory (from Table III correct total energy and that the latter erroneous result is likely to occur at closer miss-distances, the curve of Fig. 16 suggest strongly that these miss-distances for which the method is unreliable extend from the trajectory out to ten or twenty meters miss.
In Fig. 16 , at A, we have also plotted on the same logarithmic ordinate scale the energy initially available to form the shock wave, i.e., the energy lost by the bullet per unit length of trajectory. This has been directly computed from the mass of the 40-mm bullet and its deceleration (at 1000-yard range) as taken from the ballistic tables for times of flight. This is also the figure shown in the last column of Table I II. We have taken the liberty in Fig. 16 of showing with the dotted curve how the actual shock wave energy (per unit length of bullet trajectory) may well vary with the miss-distance starting from some initial value which may be about three-quarters of the entire available energy, (the energy lost by the bullet in unit length of trajectory). 
VII. Comparison of Absolute Values of Peak

